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Abstract—Professor Utkin in his discussion paper proposed
an example showing that the amplitude of chattering caused by
the presence of parasitic dynamics in systems governed by First-
Order Sliding-Mode Control (FOSMC) is lower than the obtained
using Super-Twisting Algorithm (STA). This example served to
motivate this research reconsidering the problem of comparison
of chattering magnitude in systems governed by FOSMC that
produces a discontinuous control signal and by STA that produces
a continuous one, using Harmonic Balance (HB) methodology.
With this aim the Averaged Power (AP) criteria for chattering
measurements is revisited. The STA gains are redesigned to
minimize amplitude or AP of oscillations predicted by HB. The
comparison of the chattering produced by FOSMC and STA with
redesigned gains is analyzed taking into account their amplitudes,
frequencies and values of AP allowing to conclude that: (a) for
any value of upperbound of disturbance and Actuator Time
Constant (ATC) there exist a bounded disturbance for which the
amplitude and AP of chattering produced by FOSMC is lower
than the caused by STA; (b) if the upperbound of disturbance and
upperbound of time-derivative disturbance are given, then for
all sufficiently small values of ATC the amplitude of chattering
and AP produced by STA will be smaller than the caused by
FOSMC; (c) critical values of ATC are predicted by HB for
which the parameters, amplitude of chattering and AP, produced
by FOSMC and STA are the same. Also the frequency of self-
exited oscillations caused by FOSMC is always grater than the
produced by STA.
I. INTRODUCTION
Sliding-Mode Control (SMC) is an efficient technique
used for bounded matched uncertainty compensation [18].
The First-Order Sliding-Mode Control (FOSMC) keeps a
desired constraint σ of relative degree one, by means of
theoretically infinite-frequency switching control. However,
infinite-frequency switching control is not feasible due to the
presence of parasitic dynamics as actuators and sensors [7]
hysteresis effects [17], [5], and other non-idealities. Hence,
the sliding set converges to a real sliding motion with finite
(high) frequency, this effect is well-known as chattering effect
and it is the main drawback of the sliding-mode control theory.
Higher-Order Sliding Mode Control (HOSMC) algorithms
were proposed as an attempt to adjust the chattering by substi-
tuting (intuitively) discontinuous control inputs by continuous
ones [6], [10], [2]. One of the most efficient algorithms is the
Super-Twisting Algorithm (STA) compensating theoretically
exactly matched Lipschitz uncertainties in finite-time [10],
[11]. This idea was very attractive but in the paper [3] was
shown that in systems driven by STA (as well as by any other
controller with infinite gain at the origin) the chattering also
appears. Moreover, Professor Utkin [19], [20], [16], presented
some examples showing that some systems governed by
STA exhibit bigger amplitude of chattering that the systems
driven by First-Order Sliding Mode Control (FOSMC), when
parasitic dynamics affects the SMC/HOSMC closed-loop.
In this paper we will try to answer the question: Is It
Expedient to Substitute Discontinuous SMC by Continuous
HOSMC, when parasitic dynamics are presented in the control
loop? For that, we analyze the amplitude and frequency of
possible self-excited oscillations and its effect on the Average
Power (AP). Harmonic Balance (HB) is widely used to
estimate the amplitude and frequency of possible oscillations
for dynamically perturbed SMC/HOSMC systems [17],
[3], where a Describing Function (DF) characterizes the
non-linearities effects on the parameters of periodic motions
[9], [1].
The contributions of this work are listed below:
• We confirm the hypothesis of Professor V. Utkin: for
any value of the actuator time-constant (ATC) there
exist a bounded disturbance for which the amplitude of
possible oscillations produced by FOSMC is lower than
the obtained applying STA.
• Given the upperbound of disturbance and the upper-
bound of time-derivative disturbance, for a sufficiently
small value of ATC the amplitude of chattering and AP
produced by STA will be smaller than the caused by
FOSMC.
With this aim, we propose the following:
1. Reformulation of A. Levant “energy like” criterion to
compute the AP based on HB methodology.
2. Selection of STA gains to minimize the amplitude of
possible oscillations.
3. Selection of STA gains to minimize the AP.
The structure of the paper is as follows: a motivation
example is discussed in section II; section III contains the
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Figure 1. Control Scheme.
preliminaries about HB approach for FOSMC and STA; chat-
tering parameters obtained by HB are analyzed in section IV;
comparison examples in section V; and section VI presents
the conclusions about the obtained results.
II. MOTIVATION EXAMPLE
Consider the disturbed first-order system shown in the
Figure 1, the plant can be modeled as
x˙(t) = u¯(t) + F (t) , (1)
where x ∈ R is the output and u¯ ∈ R is the control input.
The disturbance term F has the form
F = α sin(Ωt) ⇒
{ |F | ≤ δ = α
|F˙ | ≤ ∆ = αΩ (2)
Let us apply two control laws:
• Discontinuous FOSMC [18]:
u = −M sign(x) , (3)
where the control gain is chosen M = 1.1δ from the
upperbound of disturbance (2), ensuring the global finite-time
convergence to the first order sliding-mode (∃ tr : x(t) = 0,
∀ t ≥ tr) when the actuator dynamics is fast enough.
• Continuous STA [10], [11]:
u = −k1|x|1/2 sign(x) + v ,
v˙ = −k2 sign(x) , (4)
where the control gains are chosen k1 = 1.5
√
∆, k2 = 1.1∆
from the upperbound of time-derivative disturbance (2), en-
suring the global finite-time convergence to the second order
sliding-mode (∃ tr : x(t) = x˙(t) = 0, ∀ t ≥ tr) when the
actuator dynamics is fast enough.
Remark 1: FOSMC can reject bounded disturbances but
STA can compensate Lipschitz disturbances (not necessarily
bounded). In order to compare both algorithms we consider a
bounded and Lipschitz disturbance (2).
Following [19], we consider the same actuator model as
Professor V. Utkin which consists of a 2nd-order linear system
z˙(t) =
[
0 1
− 1µ2 − 2µ
]
z(t) +
[
0
1
µ2
]
u(t) ,
u¯(t) =
[
1 0
]
z(t) ,
(5)
where µ > 0 is the actuator time-constant (ATC). Thus, the
effects of parasitic dynamics can be parameterized through
ATC. Let us notice that FOSMC and STA were designed for
the system (1) with relative degree one but the presence of
actuator (5) increases the relative degree of the system (1).
HHHHHControl
Ω
1 10 100
Discontinuous Control
FOSMC
µ = 10−1 1.366×10−1 1.692×10−1 0.934×10−1
µ = 10−2 1.092×10−2 1.361×10−2 1.692×10−2
µ = 10−3 1.064×10−3 1.096×10−3 1.362×10−3
Continuous Control
STA
µ = 10−1 1.243×10−1 8.663×10−1 6.4041
µ = 10−2 9.431×10−4 1.302×10−2 8.694×10−2
µ = 10−3 8.915×10−6 9.445×10−5 1.343×10−3
Table I
SLIDING-MODE AMPLITUDE ACCURACY INCREASING THE FREQUENCY
OF DISTURBANCE.
Table I presents the simulation results of the system
conformed by the plant (1) and the actuator dynamics (5)
in closed loop with FOSMC (3) and STA (4). Chattering
magnitude of the output x is compared taking into account
several values of ATC µ and disturbance frequency Ω (fixing
α = 1). It can be seen that the amplitude of chattering has
the same order for Ω = 1 when µ = 10−1, and it is lower
for STA when µ = 10−2 and µ = 10−3. For Ω = 10 the
results change, when µ = 10−1 the amplitude of oscillations
for FOSMC is lower than for STA, when µ = 10−2 they
have the same order, but when µ = 10−3 the amplitude of
chattering in the system governed by STA is lower that ones
in the system with FOSMC. The third column of Table I
shows that the amplitude of oscillations for FOSMC and STA
have the same order only for µ = 10−3 and for bigger values
of ATC the amplitude generated by FOSMC is lower than
the produced by STA.
Conclusions:
• Table I confirms the hypothesis of Professor V. Utkin: for
any value of ATC there exist a bounded disturbance for
which the amplitude of possible oscillations produced by
FOSMC is lower than the obtained applying STA.
• It should exists a value of ATC for which the amplitude
of chattering produced by FOSMC and STA are the same.
• For any bounded disturbance, the amplitude of possible
oscillations produced by STA may be less than the
obtained using FOSMC if the actuator dynamics is fast
enough (µ→ 0).
III. CHATTERING ANALYSIS OF FOSMC AND STA USING
HARMONIC BALANCE
Taking into account the control scheme shown in Figure
1, FOSMC (3) and STA (4) are analyzed in frequency
domain using the HB methodology to understand how the
parasitic dynamics (5) may degrade the accuracy, when the
control gains are selected to reject the matched disturbance F .
Consider the nominal case (F = 0), the dynamically
perturbed system (5)-(1) has the transfer function
W (s) = Ga(s)G(s) =
1
s(µs+ 1)2
, (6)
whose relative degree is r = 3.
Assumption 1: Due the parasitic dynamics (5), the output of
the system converges to a periodic solution [3], [19], which
can be approximated by its first-harmonic,
x(t) = A sin(ωt) ,
x˙(t) = Aω cos(ωt) .
(7)
where A and ω are the chattering parameters, amplitude and
frequency, respectively.
A. Amplitude and Frequency Estimation
Let us apply the DF method [9], [1] to predict periodic
oscillations. Parameters of a possible limit cycle may be found
as an intersection point of the actuator-plant dynamics W (s)
Nyquist plot and the negative reciprocal DF −N−1(A,ω)
of the SMC/HOSMC algorithm, which corresponds to the
Harmonic Balance equation (HBE)
N(A,ω)W (jω) = −1 , (8)
whose solution is an estimate of chattering parameters: ampli-
tude A and frequency ω.
B. Averaged Power Criteria
In the paper by A. Levant [13] an “energy like” criteria for
chattering measurement are presented
E =
(∫ T
0
x˙p(τ)dτ
)1/p
, (9)
inspired by Lp norm. Unfortunately, it is only a qualitative
criterion to understand the chattering effects because it has
no physical sense and require information of x˙ (knowledge
of disturbance) to compute it.
HB approach allows to compute the Averaged Power (AP)
of the steady-state behavior of the system,
P =
ω
2pi
∫ 2pi
ω
0
(
Aω cos(ωt)
)2
dt =
A2ω2
2
, (10)
due to the output x and its time-derivative x˙ are assumed of
the form (7).
C. HB Analysis of First Order Sliding Mode Control
The describing function of the non-linearity (3) has the form
[9]
N(A) =
4M
piA
. (11)
The HBE (8) can be separated as real and imaginary parts
4M
piA
= 2µω2 ,
0 = ω(µ2ω2 − 1) ,
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Figure 2. Critical points for the normalization of amplitude (19) and AP (22),
respectively.
whose analytic solution is [16]
A =
2Mµ
pi
, (12)
ω =
1
µ
. (13)
Substituting the limit cycle parameters (12), (13) in the ex-
pression (10), the AP has the form
P =
2M2
pi2
. (14)
D. HB Analysis of Super-Twisting Algorithm
The describing function of the non-linearity (4) has the form
[3]
N(A,ω) =
1.1128k1
A1/2
− j 4k2
piAω
. (15)
Once again, the HBE (8) can be separated as real and
imaginary parts
1.1128k1
A1/2
= 2µω2 ,
4k2
piAω
= ω(1− µ2ω2) ,
whose analytic solution is [15]
A = µ2K
A
, (16)
ω =
Kω
µ
, (17)
where
KA =
(
1
2 ·
(1.1128k1)
2+ 16pi k2
1.1128k1
)2
=
(
1.1128k1
2K2ω
)2
,
Kω =
(
(1.1128k1)
2
(1.1128k1)2+
16
pi k2
)1/2
.
Substituting the limit cycle parameters (16), (17) in the ex-
pression (10), the AP has the form
P =
µ2
32
·
(
(1.1128k1)
2 + 16pi k2
)3
(1.1128k1)2
. (18)
PPPPPPPParameters
k1
1.5
√
∆ 2.127
√
∆ 2.5
√
∆
Harmonic
Balance
A 6.314×10−3 5.602×10−3 5.750×10−3
ω 57.632 70.711 76.164
P 6.620×10−2 7.846×10−2 9.589×10−2
Simulations
A 6.395×10−3 5.653×10−3 5.799×10−3
ω 57.099 70.299 75.781
P 6.786×10−2 8.009×10−2 9.784×10−2
Table II
SIMULATIONS OF MINIMUM AMPLITUDE STA GAINS (21) FIXING
k2 = 1.1∆ AND ∆ = 10.
E. Design of STA Gains to Minimize the Amplitude of Possible
Oscillations
The expression (16) allows to obtain the values of STA
gains, k1 and k2, such that the amplitude is minimized.
Consider the following normalization
A
µ2
=
(
1
2
· (1.1128k1)
2 + 16pi k2
1.1128k1
)2
, (19)
it is possible to compute the value of the gain k1 which
minimizes the amplitude (16) for each k2 > ∆,
k1 =
(
16k2
pi(1.1128)2
)1/2
= 2.028
√
k2 . (20)
Remark 2: The selection of STA gains that minimize the
amplitude of possible oscillations based on HB approach is
k1 = 2.127
√
∆ , k2 = 1.1∆ . (21)
For these STA gains, the chattering parameters become
A = 5.6023∆µ2 , ω =
1
µ
√
2
, P = 7.8464∆2µ2 .
Figure 2 shows the critical value of the amplitude normaliza-
tion (19) for the STA gains (21) with ∆ = 1. Table II contains
the simulation results for ∆ = 10 and µ = 10−2, the STA
gains are selected to compare the amplitude of oscillations
and confirms the selection criterion (21).
F. Design of STA Gains to Minimize the Averaged Power
The expression (18) allows to obtain the values of STA
gains, k1 and k2, such that the AP is minimized. Consider the
following normalization
P
µ2
=
1
32
·
(
(1.1128k1)
2 + 16pi k2
)3
(1.1128k1)2
, (22)
it is possible to compute the value of the gain k1 which
minimizes the AP for each k2 > ∆,
k1 =
(
8k2
pi(1.1128)2
)1/2
= 1.434
√
k2 . (23)
PPPPPPPParameters
k1 √
∆ 1.504
√
∆ 2
√
∆
Harmonic
Balance
A 9.447×10−3 6.302×10−3 5.623×10−3
ω 42.547 57.735 68.502
P 8.078×10−2 6.620×10−2 7.420×10−2
Simulations
A 9.688×10−3 6.383×10−3 5.676×10−3
ω 41.789 57.203 68.076
P 8.416×10−2 6.781×10−2 7.573×10−2
Table III
SIMULATIONS OF MINIMUM AVERAGED POWER STA GAINS (24) FIXING
k2 = 1.1∆ AND ∆ = 10.
00.020.040.060.080.10.120.140.160.180.2
0
0.1
0.2
0.3
A
FOSMC STA
00.020.040.060.080.10.120.140.160.180.2
0
25
50
ω
00.020.040.060.080.10.120.140.160.180.2
µ
0
0.2
0.4
P
X: 0.125
Y: 0.08754
X: 0.1768
Y: 0.2453
Figure 3. Chattering parameters for δ = ∆ = 1 choosing the STA gains
(21).
Remark 3: The selection of STA gains that minimize the AP
based on HB approach is
k1 = 1.504
√
∆ , k2 = 1.1∆ . (24)
For these STA gains, the parameters of periodic motion
become
A = 6.3025∆µ2 , ω =
1
µ
√
3
, P = 6.6203∆2µ2 .
Figure 2 shows the critical value of the AP normalization
(22) with ∆ = 1. Table III contains the simulation results for
∆ = 10 and µ = 10−2, the STA gains are selected to compare
the AP and confirms the selection criterion (24).
Remark 4: Sufficient conditions to guarantee finite-time
stability are presented in [14], where the STA gains have to
satisfy
k1 > 1.414
√
k2 , k2 > ∆ , (25)
where ∆ is the upperbound of the time-derivative disturbance
(2). STA proposed gains in the expressions (21) and (24)
ensure finite-time stability when the actuator dynamics is fast
enough.
Figure 4. Graphical Solution of HB (8).
IV. ANALYSIS OF CHATTERING PARAMETERS ESTIMATED
BY HARMONIC BALANCE
A. Amplitude Analysis
In order to analyze the chattering parameters with respect to
the ATC, consider δ = ∆ = 1 and the control gain M = 1.1δ
for FOSMC and the selection proposed in (21) for STA. Figure
3 shows the chattering parameters for several values of ATC,
there is a value of the ATC such that the amplitude of the
output is the same [15], despite the use of FOSMC (3) or
STA (4) on the dynamically perturbed system (6),
µ∗ =
8M(1.1128k1)
2
pi
(
(1.1128k1)2 +
16
pi k2
)2 . (26)
for this example, the value of ATC to have the same amplitude
is
µ∗ = 0.125
δ
∆
. (27)
Remark 5: Figure 3 confirms that to substitute FOSMC by
STA, we should consider that the amplitude of oscillations may
be greater(lower) when the ATC,
µ > µ∗ ⇒ AFOSMC < ASTA ,
µ < µ∗ ⇒ AFOSMC > ASTA . (28)
B. Frequency Analysis
The order of high-frequency oscillations is O(1/µ) when it
is applied FOSMC (3) or STA (4). However, the frequency is
always lower for the STA than the obtained using FOSMC, as
it is shown in the graphical solution of the HB equation (8)
of Figure 4.
C. Averaged Power Analysis
In order to analyze the chattering parameters with respect to
the ATC, consider δ = ∆ = 1 and the control gain M = 1.1δ
for FOSMC and the selection proposed in (24) for STA. Figure
5 shows the chattering parameters for several values of ATC,
there is a value of ATC such that the AP is the same despite the
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Figure 5. Chattering parameters for δ = ∆ = 1 choosing the STA gains
(24).
use of FOSMC (3) or STA (4) on the dynamically perturbed
system (6),
µ? =
8M(1.1128k1)
pi
(
(1.1128k1)2 +
16
pi k2
)3/2 . (29)
for this example, the value of ATC to have the same AP is
µ? = 0.1924
δ
∆
. (30)
Remark 6: Figure 5 confirms that to substitute FOSMC by
STA, we should consider that the AP may be greater(lower)
when the ATC,
µ > µ? ⇒ PFOSMC < PSTA ,
µ < µ? ⇒ PFOSMC > PSTA . (31)
V. COMPARISON EXAMPLES
A. High-Frequency Disturbances
The previously simulation examples are for the nominal case
(F = 0) but the control gains are selected according to the
upperbound of disturbance in the case of FOSMC (3), or the
upperbound of time-derivative disturbance for the STA (4),
then
• FOSMC (3):
M = 1.1δ = 1.1α .
• STA (4):
k1 = 2.127
√
∆ = 2.127
√
αΩ ,
k2 = 1.1∆ = 1.1αΩ .
The value of ATC predicted by HB for which the amplitude of
chattering is the same despite the use of discontinuous FOSMC
(3) or continuous STA (4), on the dynamically perturbed
system (6) is
µ∗ = 0.125
δ
∆
= 0.125
1
Ω
. (32)
HHHHHControl
Ω
1 10 100
Discontinuous Control
FOSMC
µ1 1.6326 1.6224×10
−1 1.6226×10−2
µ∗ 1.7644×10−1 1.9018×10−2 1.8969×10−3
µ2 9.4217×10
−2 9.4311×10−3 9.4872×10−4
Continuous Control
STA
µ1 2.2492 2.6933×10
−1 2.7061×10−2
µ∗ 1.3229×10−1 1.3516×10−2 1.3518×10−3
µ2 4.8421×10
−2 4.8374×10−3 4.8573×10−4
Table IV
SLIDING-MODE OUTPUT ACCURACY FOR MINIMUM AMPLITUDE STA
GAINS (21).
In order to compare the system behavior for some values of
the ATC, consider
µ1 = 0.25
1
Ω
, µ2 = 0.0833
1
Ω
. (33)
Table IV contains the sliding-mode output accuracy for some
values of disturbance frequency Ω, taking into account the
critical value of ATC (32) and µ1 > µ∗, µ2 < µ∗ from (33).
Remark 7: Simulation results confirm that for any distur-
bance frequency Ω should be a critical value of ATC µ∗ for
which the magnitude of chattering is the same when FOSMC
or STA are applied. If ATC is greater than µ∗ (for example
µ1) the amplitude of oscillations is lower using FOSMC than
the obtained applying STA. But if ATC is lower than µ∗ (for
example µ2) the amplitude of oscillations is higher using
FOSMC than the obtained applying STA.
B. Professor V. Utkin Example
The following example was taken from the paper [19],
they propose that the upperbound of disturbance and the
upperbound of time-derivative disturbance have the same value
δ = ∆ = 60. Taking into account the FOSMC (3) gain
M = 1.1δ and the STA (4) proposed gains (21), the following
chattering parameters are obtained by HB:
• FOSMC
A = 42.017µ , ω =
1
µ
, P = 882.7102 .
• STA
A = 336.135µ2 , ω =
1
µ
√
2
, P = 28246.93µ2 .
Hence the critical values of ATC become
µ∗ = 0.125 , µ? = 0.1768 , (34)
for same amplitude and same AP, respectively. Table V shows
the chattering parameters obtained in simulation for some
values of ATC and the critical values (34). Note that when
the ATC µ > µ∗ the amplitude of oscillations generated by
FOSMC is lower than the produced by STA, this situation
HHHHHControl
µ
0.2 0.1768 0.125 0.1
Discontinuous Control
FOSMC
A 8.6899 7.6819 5.4312 4.3450
ω 4.8900 5.5317 7.8240 9.7800
P 926.899 926.899 926.899 926.899
Continuous Control
STA
A 13.5615 10.5999 5.2987 3.3911
ω 3.5153 3.9764 5.6242 7.0302
P 1152.394 900.6406 450.360 288.2422
Table V
CHATTERING PARAMETERS OBTAINED BY SIMULATIONS.
is reversed when µ < µ∗. On the other hand, when the
ATC µ > µ? the AP generated by FOSMC is lower than
the produced by STA, and when µ < µ? the AP caused by
FOSMC is grater than the produced by STA.
VI. CONCLUSIONS
A methodology for analysis based on Harmonic Balance
approach is proposed to study the chattering for dynamically
perturbed systems driven by FOSMC and STA. HB approach
and simulation results allows to confirm the Professor V. Utkin
hypothesis, given the value of ATC and the upperbound of
disturbance there exist a bounded disturbance for which the
amplitude of possible oscillations produced by FOSMC is
lower than the obtained applying STA. On the other hand,
given the upperbound of disturbance and the upperbound of
time-derivative disturbance there exist an actuator fast enough
for which the STA amplitude of oscillations or(and) AP are
lower than the generate by FOSMC. Selection criteria of STA
gains are presented to adjust the chattering effects on the
amplitude of possible oscillations and AP.
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